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1. INTRODUCTION

For 1~p < OC', let L p denote the Banach space of pth power Lebesgue
integrable functions on [0, 1J with II f II p = (J6If IP) I/p. Let M p denote the
set of nondecreasing functions in L p' For 1 < p < 00, each f E L p has a
unique best approximation from M p , while, for p = 1, existence of a best
approximation from M 1 follows from Proposition 4 of [6].

Recently, there has been interest in characterizing best L I approxima
tions fromM I [1--4, 8]. The approach, in most instances, was measure
theoretic. In [8J, a duality approach was used to extend the results to all
L p , 1~p< 00.

In a recent paper [4J an explicit construction was given for a best L 1

approximation to f from MI' The purpose of this paper is to show that this
construction extends to all the Lp-spaces, 1<p < OC'. The Lx case was
investigated by Ubhaya [9, 10].

2. BEST MONOTONE ApPROXIMATION IN L p [0, 1J FOR 1 < P < 00

Let f E L p [0, 1J for 1 < P < 00. We wish to find g* nondecreasing and in
Lp[O, 1J such that

rIf- g* Ip ~rI f - g Ip for all such g.
o 0

From duality [5J, g* best approximates f in the above sense if and only
if f: (g*-g)(f-g*)lf-g*IP-2~0

for all nondecreasing g in Lp[O, 1].
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We now establish a constructive solution to this problem.

DEFIITION 1. ForfELp[O, 1J, 1 <p< 00, and any real c let

!/J,=(f-c)lf-cI P- 2
, (1)

k,(x) = C!/J"
'0

O~x~l.

and
me = min{kAx): 0 ~ X ~ 1}, (3 )

(4)x(c) = max {x: k,(x) = me]'

LEMMA 1. x( c) is nondecreasing in c.

Proof First we establish that !/Jc(X»rPd(X) for c<d. Let ee=f-,:.
Then ec(x) > eAx) for c < d.

If dx»eAx);?:O, then

rP,(x) = ef-1(x) > ej-l(x) = rPd(X),

If e,(x);?:O>ed(x), then rP,(X);?:O>rPd(X).
IfO>e,(x»ed(x), then le,(x)I<!ed(x)1 and

-tP,(x) = -ee(x)1 ec(.yW- 2

=!e,(x)JP-l

< !ed(x)IP-'

= -eAx)led (xII P -
2

= -tP,,(x).

Next assume to the contrary that x(c) > x(d) for some c < d. Then,

f
x(e)

k,(x(c») = 0 tPc

_ I'ld) IXIC
) ,

- rPc+ f/Jc
o x(d)

_x(c)

= ke(x(d» + J rPc
«dl

I
Xle )

>kJx(d»)+ rP"
xld)

= kAx(d) + kd(x(c.» - kAx(d)

>k,(x(d»,

by the definition of md=k,,(x(d»). This contradicts the definition of x(c-}.
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In the following lemma, as usual x( - w) and x( + <Xi) denote respec
tively lim,_ -C1J x(t) and lim, __co x(t).

LEMMA 2. (a)x(-<Xi)=O, (b)x(+w)=1.

Proof The proofs of (a) and (b) are similar. Thus we present only
part (a).

Since kAO) = 0, it suffices to show that for any x satisfying °< x.:::; 1,
lim infe _ -CD ke(x) > 0.

For any c <°define the set Ee = {x E [0, 1] :f(x) < c},

and let E~ denote the complement of E e in [0, 1]. Then,

where f.1 denotes Lebesgue measure. Thus,

Next consider Ee(x) == Een [0, x] :

If - c IP- I .:::; }'P {If IP- 1 + Ie IP- 1 },

where

Therefore,

If (f-C)'f-CIP-z!.:::;f If-clp-l
EcCx) E,(x)

':::;}'P {tcl
X

) Ifl P- I + IcI P
-

1 f.1{EJ}

':::;-1
1
1}'p{f IfI P+IeIPf.1{Ec }}

c E,(x)

~ 2y p II f II;
'"" Icl .

Thus,

lim f (f-c)lf-cIP-Z=O.
c- -;x. Ecix)
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Finally, consider E~(x) = E~ n [0, x]. Since limc ~ _ xc ,u{ E~(x)} = x, 'Ne

can choose f so that ,u{E~(x)}>x/2.Then, for e<f

(j- ell f- e1 P -
2 = ((f - f) + (f- e)ll(j- fJ + (f' - c)I P -

2

> (j- f) If - f IP - 2 on E:.
Also, E~ s E~ for c < f, and therefore since Jl {E~(x)} > x/2 > 0

r (j-ellf-cl p
-

2 ?;: r (f-c)lf- c IP -
2

')E~:L'() .. E~(XI

Therefore, for any x satisfying 0 < x :::; 1,

lim inf J. (f - c) If - C i P - 2 > 0,
c--x E~(XI

and thus since

rx

(f-e)lf-cI P -
2 = r (f-c)lf-cI P -

2

"0 <> E~("d

+ r (f-c)lf-cl p
-

2

• Ec\xl

we can conclude that

~i~~r;[L' (f - c) I f - e IP - 2 > O.

The following lemma shows that x(c) is continuous from the right As
usual x(c+) denotes lim HC + X(f).

LEMMA 3. x(c+)=x(c).

Proof For c5 > 0

,-xlc)

:::; J
o

¢J c

= kAx(e))

=n1,.
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Letting <5 ~ 0+ we obtain
x(c+ )

kAX(c+))=L ¢Jc~mC'

By the definition of m" kAx(c+))~mc' Thus kc(x(c+))=m", and,
therefore, x(c+ )~ x(c). Since x(c) is nondecreasing, it follows that
x(c+ )= x(c).

In general, x(c) may be discontinuous. If

x(c-) < x(c+) = x(c),

where x(c-) denotes limt~c_ x(t), then we say c is a jump for x(·).
Locating the jumps for x(·) will enable us to define the following

approximation g* which we shall prove to be the best nondecreasing L p

approximation tofELp[O, 1].

DEFINITION 2. Since x(·) is nondecresing and right continuous, by
Lemma 2 each tE (0,1) is in some interval [x(c-), x(c)]. Thus, we define
a function g*(t) on (0, 1) by

if t = x(c) for some real c, let

g*(t) = inf {u: x(u) = x(c)},

if cis ajump point for x(·) and x(c-) ~ t < x(c),

let g*(t) = c.

(5)

(6)

LEMMA 4. g*(t) is nondecreasing on (0,1).

Proof Let {c i} be the set of all jump points of x(c), and let t [ < t2'

If t [ = x(c) and t 2 = x(u), then c < u since x(·) is nondecreasing. By
definition, g*(t[) ~g*(t2)'

If t [ = x(c) and x(ci - ) ~ t2< x(cJ for some i, then c < ci • It follows that
g*(td ~ c < ci = g*(t2)'

Suppose there exist i, j such that x(cj_ )~ t [ < x(c) and x(c i - ) ~

t 2<x(cJ. If i=j, then t[=cj =g*(td=g*(t2). If i#j and if cj>ci , then
x(c i ) ~ x(cj - ), which contradicts t 1 < t2. Hence cj ~ ci , and g*(td ~ g*(t2)·

Finally, suppose that x(c i - ) ~ t [ < x(cJ for some i and t 2 = x(c). Then
Ci~C, and g*(td~g*(t2)'

LEMMA 5. Let

A p = {-\:E (0, 1): !~;Br:ee If(t)-f(XW=O}.

Then, ,u{Ap } = 1.
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Proof Let TJ(x)=(l/2c)t~~lf(t)-f(xWdi and let Tf(x)=
limsuPe~o+ TJ(x). Pick gEC[O, 1J such that Ilf-gll p < lin. By the
continuity of g, Tg = 0.

Let h =f - g. Then, hE [prO, 1]. Also, since 1 <P < Xl

Therefore,

and thus on [0, 1]

where M is the maximal function defined for all FE [! [0, 1] by

1 -x+ e

(MF)(x) = sup ')0 J IF(tji dr.
0< t. < X ..... 6 .X - r

Now,

Therefore.

Thus, for any y > 0,

and IhiP ~ 4; -Py, then Tf~ 2y.

Therefore, {Tf> 2y} ~ {Mh P> 41
- Py} u {I hlP> 41

-
py}, where each of

the three sets in this relationship denotes the subset of [0, 1] which satisfies
the respective inequality. By Theorem 7.5 and inequality (5), p. 138. of
Rudin [7].

and
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Therefore,

and since n is arbitrary,
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,u{Tf> 2y} =0.

Furthermore, since y > °is also arbitrary,

,u{ Tf> o} = 0.

Note. This proof parallels the cited results in Rudin [7].

LEMMA 6. If x(c) E Ap as defined in Lemma 5 then

(a) f(x(c»=c,and

(b) g*{x(c» = c.

Proof (a) Let x(c)EA p and assumef{x(c))>c. Then by the definition
of A p

1IXlC
)lim - If(y)-f(x{c)Wdy=O.

$-0 e X(C)-i>

For any 15 > 0, let

BJ={yE[O, IJ: If(y)-f(x(c))/<15},

and let B~ be the complement of BJ in [0, 1].
Also for any £ > 0, let Ie = [x(c) - £, x(c)J n [0, IJ. Since

J If(Y)-f(x(c»)lPdy~J If(y)-f{x(c»)lPdy
I~ B~ r, Ie

~b Jc If(y)-f(x(c»)I P- 1 dy
Bon If:

it follows that

lim ~J If(Y)-f(x(c»)IP-! dy=O,
E - 0 e B 6n Ie

and

1
lim - J1 { B~ n I.} = O.
e~O£
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:'(1' If-cjP-l
JB~;n I,

:'(i'P-1I'" If-f(x(c))IP-l+)'p_1 f If(x(c))-cI P- 1

" B~) n (; .. B~, ,---, Ii

=")' _ J' I /"-f(x(c))I P- 1 +" _ I f(X!C))-C!P-l tlfBcnJ 1.pl. I P 1, , / . l () r, j

BJr, Ii

and therefore

1 ' .
:'()'p_1lim -I If-f(x(c))I P-'

£ -+ 0 8 .. B~ r, (.

=0.

Thus,

Now fix 6>0 so thatf(x(c))>c+<5. Then, for yEBJ ,

o<f(x(c)) -<5 - c <flY) - c <f(x(c)) + () - c.

Hence,

J (j-c)lf-cI P- 2

B,,.,r, IE

{
L,;n!, (f(x(c)) - <5 - c)l f(x(c)) + b - cl PO._2, 1 <P < 21.

> (

J U(X(c))-6-c)lf(x(c))-b-cl p - 2,2:'(p j
B" ... I,

(7,

where Q>0.
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Using (7), it follows that

liminf ~ f (f-c)lf-c!p-2
e -0 e If.

Hence, for e > 0 and sufficiently small,

-.-(cJj (f-c)lf-cl p- 2 >0.
x(e) -t

Thus kc{x{c)-e)<kAx{c», contradicting the definition of x(c).
In a similar way, we get a contradiction if we assume that f(x( c» < c.

Hence f(x(c» = c.

(b) If x(u)=x(c)EA p, then (a) implies that c=f(x(c»=f(x(u»=U.
Thus {u: x{u) = x{c)} = {c}. Therefore g*(x{c» = c:

LEMMA 7. Ifx{c-)~t~x(c), then

(a) g(C-) tPc ~ 0, and

(b) J:~l~~)tPc=O.

Proof If x(c-) = x(c), then the lemma holds trivially. Thus we need
only consider the case x(c - ) < x(c).

Assume that J~IC- ) tP c< 0 for some t satisfying x(c - ) < t ~ x(c). Then for
15>0 and sufficiently small, J'.(C-O)tPc-o<O. Thus,

1
X1C - O)

< tPc-o
o

which is a contradiction. Thus (a) is verified.
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.. xlc-')

kc(x(e-)) = L rPc

= kAx(e))

which contradicts the definition of x(e). Thus (b) is verified.

LEMMA 8. g* E Lp[O, 1].

Proof Let {e;} be the discontinuities of x(e). For tE [x(e i -), x(e,)].
g*(t) = e i • By Lemma 5,

r rPc,;::°
xtc/- )

and

Thus, by duality, g* == ei is the best constant approximation to f on
[x(c,-), x(cJ].

Let AI' be the set defined in Lemma 5. For [E AI' either t = x(e) for some
c, in which case f(x(e)) = e = g*(x(e)), or x(e i -):::;; t < x(e;) for some i.

If i #j, then (x(c i - ), x(e;)) n (x(ej - ), x(ej )) = 0. Hence,

:::;; r If IP:::;; II.n:·
.. UI (x(c[- ,. X(.'_lll

Thus f - g* E Lp[O, 1], and, therefore, g* E Lp[O, 1].

We can now show that g* is the best nondecreasing L p approximation
to I from Lp[O, 1].

THEOREM. IfIE Lp[O, 1], then g*, as given in Definition 2, is the unique
best nondecreasing L p approximation to ffrom Lp[O, 1].

Proof Let AI' be as in Lemma 5. and let {e i } be the discontinuities of
x(e). By Lemma 5, AI' has measure one. Let A~ = Ap\Ui (x(c,-), x(c,)).
Define rPg.=(f-g*)lf-g*[p-z. By Lemma 6, rPg.=O on A~.
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Now define r(t) = HrP g •. If [= x(c), then

= L f(C,) rPc,
CI~C x(c,-)

= 0, by Lemma 7.

If x(cj _) ~ [< x(cj ), then

~ 0, by Lemma 7.

We also have

I
XlC,)

r( 1) = L . rP Cj = 0.
i x(,-)

Thus r(t) ~ 0.
Next we note that

Now let g be a nondecreasing function in Lp[O, 1]. Define

{

g(X),

gn(x) = -n,

n,

-n~g(x)~n

g(x)< -n

n <g(x).
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Then, pointwise, gn -+ g, gncPg' -+ g,pg., and I gnrPg.1 (: I grjJg.l. By the
Lebesgue Dominated Convergence Theorem,

and, using integration by parts,

_I ,d

j gnrPg' = -I r(t) dg ll (: 0,
o '0

since r( t) ;;:, 0 and gil is nondecreasing. Therefore

Thus, g* is the best L p nondecreasing approximation to f

Remarks. (a) If fE C[O, 1], then Lemma 6 implies that x(c) is strictly
increasing, and f is nondecreasing on

{x( C ) : 0 < x(c) < 1}.

Furthermore the definition of g* simplifies to

{

C.
g*(l) = "

f(t),

X(Ci-)(:t(:x(C;)

elsewhere.

where, as before, {c I} denotes the set of jumps of x( d.
(b) The method used in the proof of the theorem can be used in the

proof of Lemma 8 to show that g* == C I is the best nondecreasiag
approximation to fan [x(c l - ), x(cln
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